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A mechanism of both formation of peaks in the density of states near the Fermi surface and phase 
instabilities of nearly ideal degenerate Fermi gas in low-dimensional optical lattices is proposed. 
According to this mechanism, peak formation is caused by the quasi-classical quantization of the 
one- and two-dimensional fermionic spectrum in the neighborhood of its extremal points under 
interaction with an long-wave periodical perturbation. The new spectra result in the instabilities 
with respect to spontaneous formation of an equilibrium superstructure. In the one-dimensional case 
this happens for low enough numbers of fermionic atoms. As a result of such transition, fermions 
become localized (a transition of the metal-insulator type). In the two-dimensional system the 
transition is possible for a nearly half-filled band. In this case fermions are localized in the wave 
direction only. It is briefiy discussed the possible infiuence of the results obtained in the paper on the 
superfluid transition temperature in high anisotropic lattices possessing quasi-(one,two)-dimensional 
subsystems of fermionic atoms. 

PACS numbers: 05.30.Fk, 32.80.Pj, 03.75.Fi 




INTRODUCTION 

A quantum degenerate dilute gas of fermionic '^^K 
atoms has been trapped and cooled down to a fraction of 
the Fermi temperature Tp in the works Q, |3|- Magneto- 
optical trapping of ^Li atoms has been realized in the 
work Q • These results enable to explore quantum degen- 
erate Fermi systems with controlled particle interactions. 
In the atomic traps one can study the Fermi systems with 
almost any number of particles and interaction strength. 
The latter is achieved by tuning Feschbach resonance 
01 . Predicted phenomena for an interacting atomic Fer- 
mi gas include zero sound and hydrodynamic excitations 
suppression of elastic and inelastic collisions 0, 
and the prospect of a state with pairwise correla- 
tions, analogous to Cooper pairing of electrons (see, for 
instance, 0, 0|, Theoretical studies of the su- 

perfluidlike (BCS) state have concluded that this state 
will occur at very low temperature and will be difficult 
to observed experimentally. In the works [l^ - 
[l^ there was proposed a method to detect the existence 
of the BCS state by using interactions of atoms with off- 
resonant laser light. 

However, a trapped gas of fermionic atoms that is 
quantum degenerate but uncondensed is interesting in 
its own right. Quantum statistic radically changes the 
collision properties, spatial profile, and off-resonant light- 
scattering properties [l], [6] 16], [17J. In the initial works 
Q, 1^ a nearly ideal Fermi gas has been produced. Since 
Fermi statistics prohibits s-wave collisions between iden- 
tical particles, for fermionic atoms the dominant contri- 
bution must be p wave. However, the p-wave collision 
cross section is suppressed at low temperature due to 
the centrifugal barrier. The threshold energy is equal to 
Eth{l = 1) ^ P|. Thus, below this energy the elastic 
collision rate in a gas of identical fermionic atoms will 



rapidly vanish. A quantum-statistical suppression of s- 
wave interactions between identical fermions makes an 
ultracold gas of fermionic atoms an excellent realization 
of an ideal gas. 

If one produces an atomic Fermi gas in two spin states 
(that are, for example, magnetic sublevels m/ — 9/2 and 
TO/ = 7/2 in the '^'^K f = 9/2 ground state), where both 
species are quantum degenerate, then s-wave interactions 
are exhibited. The emergence of quantum degeneracy is 
observed through measurements of the equilibrium ther- 
modynamic properties of the two-component gas In 
the work there are presented measurements of the 
equilibrium thermodynamic properties and collision dy- 
namics of an interacting degenerate Fermi gas in two spin 
states. As is shown, Pauli blocking of collisions occurs due 
to the quantum statistic. For instance, at quantum de- 
generate temperatures allowed spin-exchange collisions 
can be suppressed through final-state occupation. The 
specific dynamics of both elastic and inelastic collisions 
has a decisive role for properties of an degenerate atomic 
Fermi gas. 

It is worth noting that a quantum degenerate gas 
of fermionic atoms in optical lattices is relatively un- 
explored theoretically as well as experimentally. While 
this situation can provide a richer spectrum of phenom- 
ena arising in both interacting and even ideal Fermi sys- 
tem. In particlar, there appear possibilities of changing 
the dominant properties of an atomic Fermi gas that are 
specified for lattices only. 

2. The present paper focuses on a mechanism of for- 
mation of peaks in the density of states near the Fermi 
surface and phase instabilities of nearly ideal Fermi gas 
in low-dimensional optical lattices. The peaks and insta- 
bilities are generated by a long-wave perturbation in an 
optical lattice. 

According to the mechanism proposed in what follows. 
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peak formation is caused by the quasi-classical quantiza- 
tion of the one- and two-dimensional fermion spectrum 
in the neighborhood of its extremal points under interac- 
tion with an long-wave perturbation. Such perturbation 
can be generated either by polarization (as well as mag- 
nitization) wave or by the long-wave deformation of the 
optical lattice. These perturbations are produced either 
by the external drive or by the long-wave fluctuations of 
an order parameter above the transition point. We show 
that a highly nonequidistant discrete spectrum forms in 
the neighborhood of the extremal points provided the 
wave vector /c of a periodical perturbation satisfies the 
condition 



fc«(5A)'^'«l 



(1) 



where g and t are the perturbation magnitude and band- 
width. Near a saddle point of the spectrum of a square 
lattice, the spectrum resembles a collection of Landau 
levels in a magnetic field, but in contrast to the latter 
is nonequidistant. In the one-dimensional case the spec- 
trum has a logarithmic peak in the density of states at the 
boundary separating the discrete spectrum from the con- 
tinuous near the bottom or top of the band. In the two- 
dimensional case the spectrum generated by the long- 
wave perturbation provides a flat maximum in the den- 
sity of states near a saddle point. The peak widths ~ g 
is much smaller than the bandwidth of the atomic gas. 

In the both cases the spectrum results in the instabili- 
ties with respect to spontaneous formation of an equilibri- 
um superstructure ( or, what is the same, an equilibrium 
wave of polarization, magnitization or deformation). In 
one-dimensional case this happens for a fairly low fermion 
number, when /z < <C In the two-dimensional case 
the transition is possible only provided the Fermi energy 
is exceptionally close to a saddle point. As a result of such 
transition in the one-dimensional case, the fermions be- 
come localized (a transition of the metal-insulator type). 
In the two-dimensional case the fermions are localized in 
a single dimension, that should lead to a sharp anisotropy 
of transport properties of the system. 

In conclusion, it is discussed the possible influence of 
the results obtained in the paper on the superfluid tran- 
sition temperature in high anisotropic lattices possessing 
quasi-(one,two)-dimensional subsystems of Fermi atoms. 



QUASICLASSICAL SPECTRA AND THE 
DENSITIES OF STATES 



1. We start with the two-dimensional case. For a static 
wave pointing in an arbitrary chosen direction, g{x, y) = 
gcos{kix + fey), the Hamiltonian of the system has the 
form 



The shape of the spectrum change drastically in the 
neighborhood of the values Pxm and Pym that satisfy the 
condition 



Kit; h fe^; — = 0, 

OPx OPy 



(3) 



This condition specifies the region of anomalous conden- 
sation of energy values. Hence, the g{x,y) perturbation 
leads near the values defined by Eq.lQ to transforma- 
tion? of a large number of levels. 

For the sake of simpHcityT, let us consider a square lat- 
tice with eo{px,Py) — ~2t{cospx+cospy) . In this case the 
condition ijSl determines, for instance, the saddle points 
(0, tt), (tt, 0) of the spectrum. In the neighborhoodof sad- 
dle points the spectrum corresponds to a nearly half-filled 
band. 

Near the saddle point (0, tt) the Hamiltonian (j^J is di- 
agonalized in the new canonical variables: 



qi = V2k [px sin f - Py cos tp] ; 
92 = V2k [px sin (p-px cos Lp] ; 
X — k{x cos ip + y sin tp) ; 
Y — k{x cos p ~ y sin Lp), 



(4) 



where we introduce the angle ip that specifies the direc- 
tion of the wave: ki = kcosLp, fe = fc sin 1^9. A wave 
along one of the principal axes corresponds to fe = 
and = 0. As a result of the transformation specified 
by Eqs. Q, the Hamiltonian ^ near the saddle point 
becomes 

H = -Atk'^{ql- ql)cos2ip~2gcosX; (5) 
here cos 2ip <Q. The Schrodinger equation takes the form 



{~iql + 2g cos X)+iql 



(6) 



where t = tk"^ cos 2p. The eigenvalues of Eq.lj^l have the 
form 



£{0,^){n,q2) ^En + iqi, 



(7) 



where e„ is the spectrum in the periodical potential in 
the X direction. 

In the neighborhood of the second saddle point (or, 
what is the same, at cos 2p > 0) the spectrum is inverted. 



e(7r,0)(", 92) -e(o,,r)("-, 92)- 



(8) 



In the X direction (or, equivalently, for each fixed val- 
ue of 52) the fermionic spectrum is determined by Math- 
ieu's equation that is found from © by means of the 
usual quantization rule, qi —id/dX 



H = eo{px,Py) - gcos{kix + fey). 



(2) 



{id^/dX^ + 25 cos X) = e'i'g 



(9) 
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For e > 2g this equation has a continuous spectrum. In 
the region —2g<e<2g Eq.® has narrow allowed 
bands. If we irnore the bandwidths, we can speak of a 
discrete spectrum in wells whose number is L/2tt where 
L is the size of the system in the X direction. 
Provided the condition 



1/2 

-1^1 » 1 



9_ 

\i\ 

is met, the number of levels in a well is large and the 
discrete spectrum is specified by the Bohr-Sommerfeld 
formula: 



n{en) 
= Tic E{k) 



dX 
"2^ 



J- (e„ + 2gcosX) 



1/2 



(1 - k^)K{k) 



(10) 



where = (£„ + 2g)/4:g, K{k) and E{k) are complete 
elliptic integrals of the first and second kinds. It is worth 
noting that the quantity n(e„) changes within the region 

of n(e„) < Uc 

The level separations in lfT?Hl are given by the following 
expression 



w(en) 



den 
dn 



2K{k)' 



2(1%) 



1/2 



(11) 



At (5/1?!)^/^ > 1 we have the relation < 2g. The 
quantity cOm determines the maximum splitting of the 
levels in the field of the static wave. 

The spectrum Q with e„ taken from ltTfl|l resembles 
the spectrum of an electron in a magnetic field, but 
branches of the parabola go downward from (72 • The sep- 
aration of the e„-levels decreases rapidly as n increases, 
and above the line e = 2g + tq| the spectrum becomes 
that of free two-dimensional motion. 

Combining the condition qimax — y/g/tk'^\ cos2ip\ <C 
Pim — 7r/2fccos((/? — 7r/4) with the requirement that 
i^m ^ 5, we arrive at the condition for the applicabil- 
ity of solutions obtained from the model ^ : 



A:^ I cos 2.^1 < I < 



tan((^ — n/A) 



(12) 



At Lp = this condition coincides with (QJ, while it be- 
comes much more stringent as (p 7r/4. As condition 
lfT2ll impHes, as ip grows the region of quasilocalized states 
becomes narrower. We see that the region with the dis- 
crete spectrum is the biggest when the wave is directed 
along one of the principal axes {(p — in the aboveob- 
tained expressions). 

2. In the one-dimensional case with a static wave along 
the direction of the chain, the Schrodinger equation near 
the extremal points of the spectrum takes the form 



t-j-^ + 2g cos fcx ) ^' = e^*, 



(13) 



where x is the coordinate along the chain. The discrete 
spectrum exists within the region oi —2g < e < 2g and 
is specified by the En. ltTfl|l with 



he 



8 fg^^n 



(14) 



where k <^ kc- Respectively, the level separation is giv- 
en by the expression ltTT)l with ip — and i defined in 
En. lfnji . In the continuous spectrum region (e > 2g) 



(15) 



Unlike the two-dimensional case these results refer di- 
rectly to a low occupancy of the initial band eo(p) — 
-~2tcosp. In the case of an almost completely filled ini- 
tial band, the quantization of the states in a periodical 
potential can be obtained via transition to the hole rep- 
resentation. 

3. In the one-dimensional case we arrive at the expres- 
sion for the density of states in the discrete spectrum 
region combining Eas. (jl()|l and Ijl4|l : 



kL dn 
27r de 



L K{k) 



(16) 



Using En. lfT5|l . we obtain the density of states in the con- 
tinuous spectrum region 



Pee) 



27r2 {gtyn ■ 



(17) 



As Eas. lllfill and Ijl7|l imply, there emerges a new logarith- 
mic singularity at the boundary separating the discrete 
and continuous spectra: 



Pd,c(e) 



\n\l~e/2g\-^- 



2.9^ 



(18) 



Thus, near a bottom (top) of the initial one-dimensional 
band the root singularity in the density of states turns 
into the logarithmic one aX e ^ 2g. The width of the 
logarithmic peak is of the order oi g <^t. 

For the two-dimensional case the DOS has a logarith- 
mic singularity on the line |e| = in the absence of a 
long- wave perturbation in Eq.lQJl: 



Po(e) = Pooln( 



t 



Poo 



{2tt)H 



(19) 



The perturbation smooths out this singularity. Indeed, if 
the wave is sufficiently long [Eq. (1)] electron motion is 
quasiclassical both in the continuous spectrum region and 
in the region of states localized along the wave direction. 
Hence, for an arbitrary directed wave the DOS is given 
by the integral: 



P{e) 



dxdpx 
2tt 



dydpy^^^ 
27r 



2t{cospx + cospy) — 2(jicos(kr)] 

(20) 
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Integration over momenta and along the direction per- 
pendicular to the wave direction yields 



Pie) = (lA) 



/ dX po{e + 2g COS X) 
Jo 



(21) 



Poo In 
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e> 25. 



We see that the DOS in the layer between —2g and 
2(7 "freezes "at the constant level approximately ln(t/g) 
high. For |e| — 2g the DOS has a break in the slope. 

Using Eas. Hl()ll . llll|l . one can easily understand why the 
density of states in Ij20|l . Ij21ll is direction-independent. 
The reason is that as the direction changes, an increase 
in the number of levels ric in a well corresponds to a 
decrease in the number of wells that "fit "in to length L. 
As a result, the dependence on direction in the density 
of states vanishes. Clearly, the density of states begins 
to depend on k when fc^ ~ g/t and the quasiclassical 
conditions Q and uim <C g are break down. 



trum region {p, > 2g), we have 



Nip) - J depcie) = N,KEiK~^); 

ngip) = -AScK^ [(4 - 2K-^)EiK-^) + - I)X(k-I)] ; 
£g = £^K^ [(2 - K-^)EiK-^) + 4(1 - K-^)KiK-^)] . 

(23) 



In both cases, 



dng\ _ i3/2)n + pN 



dg 
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(24) 



For the sake of comparison, we give the expressions in 
the case of the unperturbed spectrum: 



Po(M)-(^, Noip)^{t^) 



1/2 



(25) 



It is worth noting that the chemical potential p is de- 
termined by the equation 



INSTABILITIES TO FORMATION OF A 
EQUILIBRIUM SUPERSTRUCTURE 

Knowing the density of states, we can easy find the 
thermodynamic potential of the system and study the 
stability of the system at T = 0. In the one-dimensional 
case the problem can be solved exactly, while in the two- 
dimensional case only with logarithmic accuracy. 

1. We start with the one-dimensional case. If the chem- 
ical potential lies below the upper edge of the discrete 
spectrum lfT?i|l . —2g < p < 2g, using En. lfTfill . we ar- 
rive at the following expressions for the particle number 
Nip), the thermodynamical potential flgip), and the en- 
ergy £ = fl + pN (here p is measured from the bottom 
of the initial band, and the length L is assumed equal to 
unity): 



Nip) = J depdis) = ^nip) = [^(k) - (1 - K^)KiK)] 

-2s 

ngip) = ~A£c [(4^2 - 2)S(k) + (3^2 _ 2)(k2 - 1)X(k)] ; 
£g = £c [(2k2 - 1)S(k) + (6k2 - 1)(k2 _ 1)/s:(k)] ; 



N 



4 (q\^i^ _y 



45 



(22) 



If the chemical potential lies in the continuous spec- 



depdie) = J depoie) 

2g 



or, what is the same, 

1/2 



TI" / Mo 



4 V5 



= [Ei^i)-il-K^)KiK)] =/^(^). 



At —2g < p < 2g the function /;j(k) monotonically in- 
creases from to 1. As a result, the equation for p has 
solutions under condition ipo/9)'^^^ < {^/^)- 

The variations of all thermodynamic quantities due to 
the wave are the greatest when p < 2g and, with a fur- 
ther increase in the chemical potential, decrease in the 
following manner: 



-3/2. 



SNip) = Nip) - Noip) ^ p 

sn = ngip)~na-- p^'^^^; sn^S£. 



(26) 



It follows from Eqs.l(22j-l(23l that ^g < over the 
entire range of g from to 00. What is very important is 
that for all g values the thermodynamic potential fig is 
decreasing function of g; i.g.. 



fdn, 



\ dg 



< 0. 



(27) 



Thus, the system is thermodynamically unstable 
toward the growth of the amplitude of the peri- 
odical perturbation. 
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At g ^ fi the thermodynamic potential ^g{fj) in 
Ea. lj22ll decreases as —g^^^ with increasing the ampli- 
tude g. When the latter becomes large enough, the terms 
proportional to g^ must take into account in the ther- 
modynamic potential. These terms are generated, for in- 
stance, by an interaction between polarizations (or be- 
tween spins) of different atoms. 

2. Thus, to obtain equilibrium values of g one can write 
the phenomenological Landau functional in the form 



T ^?tg{[L,g) + ag^ 



(28) 



where the term ag^ describes the "rigity"of the system 
against the increase in g. 

The equilibrium g values are found from the condition 
for the minimum of the functional Ij28ll . i.g., they are the 
solutions of the equation 



dg 



ag. 



(29) 



(30) 



Eqs. (22)-(24) imply that 

Idflg/dgl ^ g/ititY'^ at » g; 
\d^Jdg\ ^ {g/tf^ at ^ « <?; 

\d'^ng/dg'^\^\n\2g- at |/i - 2.g| ^ 0. 



The domains of g values to the right and left of the 2g — ji 
point correspond of the discrete and continuous spectra, 
respectively. The tangent to the \d^g/dg\ curve at the 
zero point is 



1 . X 

-(Mi)" 

TT 



1/2 



(31) 



Solution of Ea. lj29|l yields the following results. 

At /i > and a < ag the state with g = is abso- 
lutely unstable with respect to spontaneous formation of 
a superstructure {g ^ 0). In the interval ao < a < etc, 
Q!c ~ 1.14q!o, the state with g — Q become metastable; 
the system still has the ground state with an equilibrium 
superstructure. At Uc < a < ai, where ai ~ 1.25q;o, the 
state with g 7^ becomes metastable. Finally, at a > ai 
En. lf29ll has no solutions with g ^ 0. 

For instance, let us write the expressions for the equi- 
librium g and Um values in the region specified by the 
conditions gim ^ /i > 0. Note that the condition g ^ ijl 
is more strong than the condition a < ag. Inserting 
\dVtg/dg\ from (jSOl into (jSHl, we obtain 
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A 
2to2 



Wr,7. ^ — 



(32) 



where 1. The relationship between u)m and a corre- 
sponds to the obvious fact, namely, increasing the char- 
acteristic level spacing favours the stability of the state 
with a superstructure. 



It is essential that in this state (stable or metastable), 
the fermion atoms on the Fermi surface are localized. 
This implies that that if at a fixed a values the occupancy 
of the band is decreased, the transition to the state with 
a superstructure occurs jumpwise at 



1 



(33) 



At —2g < /i < 0, there exist the discrete levels only. In 
this region the state with 5 7^ exists regardless of the 
a value, and the fermions are localized on the discrete 
levels. In this sense the = value determines the max- 
imally unstable state of the system. The particle number 
N^"^ = 0.2Nc corresponds to this state. 

3. Let us now discuss instability in a two-dimensional 
system. For the sake of simplicity, we assume here that 
the periodical potential is along one of the principal 
axes for the sake of simplicity. Knowing the variation 
Sp ~ p — po of the density of states Ijl9|l - (l21ll .we can easy 
find the variations of thermodynamic quantities. With 
logarithmic accuracy. 



g ~ S£g, SN{p) = -pSp{p) 



S£g ~ Poog^ In 



\p\ + 2g 



(34) 



(/J, is measured from the middle of the initial band). A 
decrease in the total atom energy in the presence of a 
wave may lead to spontanous formation of a superstruc- 
ture as in the one-dimensional case. But because S£g is 
a smooth function of g in the two-dimensional case, the 
transition occurs in a way similar to a second-order phase 
transition. Substituting lIMIl into the Landau functional 
ll28ll . we arrive at the instability condition in the form 



2poo In 



t 



\p\ + 2g 



> a, 



(35) 



which met only when the a value is low enough. For 
instance, when the band is half-filled, at \p\ = 0, an equi- 
librium superstructure is of the scale 



gc « texp(-ta). 



(36) 



For > gc the homogeneous state is stable. In the 
state with a superstructure the particles move freely 
along one axis, while along the other the motion is lo- 
calized. 



CONCLUDING REMARKS 

1. We have found the phase states of one- and two- 
dimensional Fermi gas in an optical lattice under inter- 
action with a long-wave perturbation at T = 0. The wave 
vector of the perturbation satisfies the conditions either 
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(QJ or H12II . The existence regions of the states are de- 
termined by the relations between the following parame- 
ters: the amplitude of the periodical perturbation (g), the 
initial band wigth t, the chemical potential value ^ for 
fermionic atoms, as well as the ao value defining the tan- 
gent to the dflg/dg curve. The ao value is determined by 
Ea. lj31ll . The fi value is equivalent to the Fermi energy. 

As is shown above, in the one-dimensional system the 
quantum phase transition to the groung state with an 
equilibrium superstructure occurs for low particle num- 
bers when /i < /Zc. The Hc value is given by the expression 
. In new state fermions are localized at the Fermi lev- 
el. In the other words, we may perform the transition to 
the state with g ^ decreasing the particle number at a 
fixed a value. 

It is worth noting that decreasing the particle number 
leads to increase of the ao value. It makes possible the 
transition to the state with a superstructure aX fi > f^c 
provided a < ao. 

When N < M°\ ivi°^ = 0.2Nc, the fermionic atoms 
are localized for any values of another parameters. 

In the two-dimensional system the state with an equi- 
librium superstructure exists in the case of a nearly half- 
filled band. New groung state is reaHzed under condition 
I A* I < 5c (we recall that ^ is measured from the middle of 
the initial band). The gc value is determined in Ea. lj36ll . 
According to Eqs. Ij36|l . the gc value depends on t and 
a exponentially. For this reason, the condition < gc 
is rather stringent, and can be satisfied for small enough 
values of t and a. 

In the states with 5 = the long-wave perturbation 
generates the narrow peaks of the density of states near 
the Fermi level, as is shown in Eas. l(T6jl - ltT8)l and ll2T)l . 
This may provide the essential increasing the superfluid 
temperature in very anisotropic optical lattices. 

2. It is well known the main anomalous proper- 
ties of the "old "superconductors with a quasi-(one,two)- 
dimensional subsystems of carriers can be explained only 
by assuming that near the Fermi surface the density of 
states exhibits a narrow peak apparently generated by 
closeness to the structural transition. This is caused by 
the essential dependence of the superconducting transi- 
tion temperature on the density of states. 

For a dilute fermionic gas A:i?|as| <C 1, kp is the Fermi 
momentum. Thus, the Cooper pairing occurs in a weak 
coupHng regime, and we obtain the ratio of the superfluid 
(BCS) temperature to the Fermi temperature Tp in 
the form: 

where iV(0) = mftp/i^Tr'^h'^) is the density of states 
at the Fermi surface of a noninteracting gas, U — 
Airft^as/mf. 

Let us consider the superfluidity of fermionic atoms 
in high anisotropic optical lattices possessing quasi-(one. 



two)-dimensional subsystems of fermions. Under a long- 
wave perturbation the peaks in the density of states ob- 
tained above must give the essential contribution into 
the superfluid temperature. As a result, we have both in- 
creasing the Ts value in comparison with the case without 
the perturbation and the characteristic dependence of Tg 
on the Fermi level position (or, what is the same, on the 
particle number in lattice). 

First, we can start with the situation of nearly ideal 
quasi-(one, two)-dimensional gas interacting with a long- 
wave perturbation of an optical lattice. In this system the 
peaks of the density of states near the Fermi level are 
described by the expressions ifTsll and IpTll . Recall that 
the peak widths ~ 2g are much smaller than the band 
width t. 

Second, we add the degenetrate fermionic gas in an an- 
other spin state. In that way, there may be "switched"the 
s-scattering with negative scattering length between two 
spin components. At t :s> \U\ Cooper pairing occurs 
in a weak coupling regime. In this regime the densi- 
ties of states Ill(i|l - lll8ll and II21II enter to the tem- 
perature. The expressions Ijl8|l and Ij21|l imply that the 
superfluid temperature has the narrow maximum at 
^ ^ 2g in the quasi-one-dimensional case as well as the 
"smeared "maximum at — 2(7 < /i < 2^ in the quasi-two- 
dimensional system. 

Now let us to discuss briefly the dependence Ts{p) 
when the particle number changes in the system. 

In the quasi-one-dimensional case fermionic atoms are 
localized at the Fermi level provided the particle num- 
ber is relatively small, that is, < /ic at a fixed a. 
When the particle number increases, and it turns out that 
/i > ^c, fermions are delocalized. Thus, the dielectric- 
superconductor transition occurs when the particle num- 
ber correspons to the relation ^ = fic- 

Ea. (l21ll implies, that in the quasi-two-dimensional case 
the Ts{n) curve has a break in the slope at the points 
/i = —2g, 2g near the Fermi energy. It is worth noting 
that the state with the fermions locaHzed in the direction 
of the periodical potential is realized at |^| < gc- For 
this reason, the Ts{p) temperature decreases within this 
region. 

Thus, both long- wave fluctuations of the order param- 
eter in the neighborhood of an another quantum phase 
transition and long-wave perturbations of polarization 
(as well as magnitization) generated by external drives 
can be favourable for the superfluid state of fermionic 
atoms. 
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